Abstract: The heterogeneous internal structure of quasi-brittle materials governs several aspects of their behavior, especially in the nonlinear range. Size and spacing of weak spots (e.g., aggregate-matrix interfaces, flaws, and slip planes) where failure is likely to occur are two of the most important material characteristic lengths that can be used to characterize the micro-and meso-structure of these materials. Discrete (lattice and particle) models can be conveniently used to directly model these geometrical features, but they tend to be computationally expensive, and consequently, the derivation of macroscopic continuum-based approximations is often highly beneficial. The current study demonstrates that the continuum macroscale approximation of discrete fine-scale models leads naturally to a high-order microplane theory characterized by multiple characteristic lengths. The average weak spot spacing is shown to be associated with strain gradient effects; whereas the average weak spot size is shown to be associated with the Cosserat characteristics of the theory. The formulated microplane theory is compared with and contrasted to classical continuum theories available in the literature. Finally, for strain softening, known in the case of first-order local formulations to cause strain localization in an unrealistic vanishing size volume, a localization limiter capable of enforcing the minimum localization size to be of a finite value is formulated, exploiting the spectral wave propagation analysis approach.
Introduction
For quasi-brittle materials-materials that are neither plastic nor brittle at the usual engineering length scale-failure is often caused by nonlinear phenomena, such as fracture, damage localization, and frictional shearing, that occur at weak spots in the internal material structure. These weak spots coincide, for example, with interfaces among particles in particulate materials (Dvorkin et al. 1994) , weak matrix layers in composites with hard inclusions (Lasko et al. 2003) , and compliant interfaces between stiff material grains (Kulkarni et al. 2009 ), and they are typically characterized by a specific geometry and characteristic size d; spacing ℓ; and orientation ( Fig. 1) .
Because of these peculiarities, classical tensorial constitutive equations typically fail to provide a satisfactory representation of the mechanical behavior of these materials, especially if failure mechanisms are associate with strain softening, which is a gradual decrease of the load-carrying capacity for increasing deformation, that limits stress redistribution in the internal structure and leads to damage localization and fracture.
A better approach in these cases is the so-called microplane model, first introduced by Ba zant and Oh (1983b, 1985) to simulate concrete. The classical microplane model formulation is based on the following assumptions: (1) material weak spots are idealized through the concept of microplane, which represents a plane with a given orientation at a point of the three-dimensional (3D) continuum; (2) on each microplane, the material behavior is described in terms of stress and strain vectors; (3) microplane strains are kinematically constrained to the macroscopic strain tensor; and (4) microplane stresses are related to the macroscopic stress tensor through the principle of virtual work.
Since its introduction in the early 1980s, the microplane model for concrete has evolved through several progressively improved versions labeled as M1 (Ba zant and Oh 1983b, 1985) , M2 (Ba zant and Prat 1988), M3 (Ba zant et al. 1996a, b) , M4 (Ba zant et al. 2000b; Di Luzio 2007) , M5 (Ba zant and Caner 2005a, b) , M6 (Caner and Ba zant 2011) , and M7 (Caner and Ba zant 2013a, b) .
Microplane models have also been successfully developed for other materials such as rock (Ba zant and Zi 2003) ; rigid foam and shape memory alloys (Brocca et al. 2001 (Brocca et al. , 2002 ; fiber-reinforced concrete (Di Luzio and Cedolin 2004; Beghini et al. 2007) ; and composite laminates Beghini et al. 2007 ). Ba zant et al. (2000a) and Carol et al. (2004) generalized the microplane model to finite strain. Additional microplane model formulations can also be found in the literature O zbolt et al. 2001; Leukart and Ramm 2006) . Etse and Nieto (2004) introduced an extension of the microplane theory to simulate Cosserat-type continua.
However, most of the aforementioned microplane formulations are local, with the notable exception in the work of Kuhl and Ramm (1999) and , in the sense that the stress tensor at a given point is only function of the strain tensor at the same point. Unfortunately, such constitutive equations suffer from mesh sensitivity and spurious energy dissipation (Ba zant and Oh 1983a) when softening behavior is simulated. This makes the numerical solution of the boundary value problem to diverge as opposed to converge on mesh refinement (Pijaudier-Cabot and Ba zant 1987) . In addition, locality prevents the simulation of dispersive behavior in the elastic regime that quasi-brittle materials feature in response to dynamic wave propagation with small enough wavelengths.
Both the absence of dispersive behavior and mesh sensitivity are problems associated with the lack of characteristic lengths describing geometrical features of the material internal structure.
In the literature, there are two major categories of theories implementing the description of material characteristic lengths: (1) nonlocal integral methods and (2) gradient-enhanced theories.
In nonlocal integral methods, the stress tensor at one point is obtained through a weighted average of the strain in the neighborhood of that point. Ba zant and Ozbolt (1990) and Ba zant and Di Luzio (2004) proposed nonlocal integral microplane formulations to simulate concrete fracture.
Although successful in removing mesh sensitivity under some conditions (Di Luzio and Ba zant 2005) , the disadvantage of these approaches is that they require a very fine discretization and consequently a significant computational cost. For fracture simulations, for example, the element size needs to be several times smaller than the size of the fracture process zone (FPZ)-the material volume characterized by softening behavior ahead of a stress-free crack tip (Ba zant and Planas 1998).
In gradient enhanced theories, high-order strains (strain gradient) and high-order stresses are used to account for nonlocal behavior. Such formulations exist in elasticity (Askes and Aifantis 2011), plasticity (Fleck and Hutchinson 1993; Fleck et al. 1994; Fleck and Hutchinson 1997) , and damage mechanics (Peerlings et al. 1996 (Peerlings et al. , 1998 . Under the more general term of high-order theories, they were pioneered by Mindlin and colleagues (Mindlin and Tiersten 1962; Mindlin 1964) , who introduced microstructural material features in continuum-based formulations through the so-called microdeformation tensor. In the elastic regime, the most general version of Mindlin's microstructure elasticity theory is characterized by hundreds of independent material parameters, which are basically impossible to identify from experimental data. If the material is assumed to be centrosymmetric and isotropic, the number of independent material parameters reduces to 18. From Mindlin's theory, simplified theories, such as the couple stress theory (Toupin 1962; Mindlin and Tiersten 1962) and the gradient elasticity theory (Mindlin 1964) , can also be derived. These theories, which have been used with some success because of their intrinsic ability to include in the formulation a material characteristic length (Hadjesfandiari and Dargush 2011; Ma et al. 2008; Park and Gao 2006; Askes and Aifantis 2011) , still require very complicated constitutive equations relating stress tensor and high-order stress tensor to the correspondent strain tensor and high-order strain tensor. This is also the case of Cosserat's theory, a particular case of Mindlin's theory, which was independently formulated by the Cosserat brothers (Cosserat and Cosserat 1909) and in which each material point is enriched by three rotational degrees of freedom besides three translational degrees of freedom.
For all the aforementioned theories, the complication becomes insurmountable when one attempts to formulate constitutive equations for the simulation of nonlinear behavior in general and softening behavior in particular.
Another class of models often used to simulate quasi-brittle materials is based on lattice or particle formulations in which materials are discretized a priori according to an idealization of their internal structure. Particle size and size of the contact area among particles for particle models, as well as lattice spacing and crosssectional area for lattice models, equip these type of formulations with inherent characteristic lengths. Discrete models have the intrinsic ability of simulating the geometrical features of material internal structure, and, as such, they can capture its effect on the dispersive behavior and on the failure mechanisms of quasi-brittle materials.
Earlier attempts to formulate particle and lattice models for fracture are reported in Cusatis et al. (2003a Cusatis et al. ( , b, 2006 , , Lilliu and van Mier (2003) , and Yip et al. (2006) , whereas the most recent developments were published in a Cement Concrete Composites special issue (Cusatis and Nakamura 2011) . A comprehensive discrete formulation for concrete was recently proposed by Cusatis and coworkers (Cusatis et al. 2011a, b; Cusatis 2013; Alnaggar et al. 2013) , who formulated the so-called lattice discrete particle model (LDPM). LDPM was calibrated and validated against a large variety of loading conditions in both quasistatic and dynamic loading conditions, and it was demonstrated to possess superior predictive capability.
The main objective of this study is to formulate a novel highorder microplane theoretical framework derived directly from a general discrete (lattice and particle) formulation. The paper presents full details of the analytical derivation and the analysis of its spectral properties to show its ability to simulate wave dispersion and to formulate a localization limiter anchored to the discrete model of reference. In addition, the new theory is compared with and contrasted with existing continuum theories available in the literature.
High-Order Microplane Theory

Kinematics
With reference to Fig. 2 , let us consider a generic particle P and another particle P9 in its neighborhood. In addition, let us assume that the weak spot (microplane), where material failure is more likely to occur, is at the contact point between the two particles.
The geometrical features of the mechanical interaction at one microplane can be described through (1) the vector ℓ connecting the particle P located at x to the adjacent particle P9 located at x9 5 x 1 ℓ; (2) the vectors c 5 x c 2 x and c9 5 c 2 ℓ connecting the two particle centers to the microplane located at contact point x c , respectively; and (3) a local system of reference (e N , e M , e L ) defining the microplane orientation and representing a preferential orientation in the material texture.
According to typical discrete formulations that assume particle deformation to be negligible compared with the deformation of the particle interface, a strain measure at a generic microplane can be defined, in the hypothesis of small strains, as the displacement jump at the contact point divided by the interparticle length: s 5 ℓ 21 ½Du 2 w 3 ℓ 2 Dw 3 ðℓ 2 cÞ, where Du 5 u9 2 u and Dw 5 w9 2 w; u, u9, and w, w9 are displacements and rotations at particles P, and P9, (Fig. 2) ; c is the Euclidean norm of vector c; a 5 c=ℓ; the indexes i, j, and k run over 1, 2, and 3; and e ijk is the Levi-Civita permutation symbol.
By projecting the strain vector into the microplane local system of reference, the normal and shear microplane strains are defined as
Similarly, torsional and bending curvatures can be defined by projecting the rotation increment vector Dw into the local system of reference and dividing each component by the interparticle length
Next, let us postulate the existence of two continuous and independent vectorial fields uðX, tÞ and wðX, tÞ describing displacements and rotations, respectively. By expanding the displacement and the rotation fields in Taylor series around the centroid of a representative volume element V 0 (Fig. 3) , the minimum volume of material containing complete statistical information of the geometrical features of the material internal structure, one can write u i 5 u 
and
where the equation u 0 j,ik 5 g ij,k 1 e ijp w 0 p,k 5 G ijk 1 e ijp k kp was used. By defining the following projection operators, which contain full geometrical description of the material internal structure
the microplane strains and curvatures become (see Appendix for details)
Eq. (6) represents a generalization of the classical kinematic constraint used in previous microplane formulations and provides the relationship between macroscopic tensorial measures of strains and the deformation of the material internal structure. It is interesting to observe that as far as the microplane strains are concerned, the projection of the strain tensor is scale-free, whereas, as expected, the projection of the high-order strains and curvatures are proportional to the weak spot spacing ℓ. Conversely, the microplane curvatures are scale-free projection of the macroscopic curvature tensor. However, as will be more evident later, the adoption in the formulation of microplane curvatures automatically introduces an additional characteristic length associated with the characteristic size of weak spots.
In addition, it is worth pointing out that Eq. (6) is general and allows for the description of materials with spatially variable characteristic lengths; however, for the sake of simplicity, this aspect will not be exploited in the rest of the paper. For materials with isotropic behavior at the macroscopic scale, a simplified internal description of the internal structure can be obtained, making reference to average values of spacing and size of weak spots. For this situation, a relatively simple but effective discrete model can be obtained through the interaction of equally sized spheres of diameter ℓ 5 ℓ 0 5 2r 0 5 constant (Fig. 4) . In this case, one can set e 
Finally, it must be observed that Eqs. (6) and (7) have mathematical meaning only for continuous displacement and rotation fields, but they retain their physical meaning even during softening if cracks are considered to be areas of smeared damage as opposed to actual fractures characterized by displacement discontinuity; this is consistent with the so-called smeared approach to fracture widely used in the literature (Ba zant and Planas 1998).
Equilibrium Equations and Natural Boundary Conditions
Equilibrium equations and natural boundary conditions must be formulated in terms of the static quantities s ij (stress tensor), P ijk (high-order stress tensor), and m ij (couple stress tensor), which are energy conjugates to the strain tensor g ij , the strain-gradient tensor G ijk , and the curvature tensor k ij , respectively. Consider a domain V bounded by its surface ∂V, as depicted in Fig. 5 ; the governing equations can then be derived by imposing the energy equilibrium in V through the principle of virtual work that reads ð
Here, a i and b i 5 body moments and body forces, respectively, per unit volume in V; m i and t i 5 moment and force tractions acting over the external surface ∂V; Ddu i 5 normal derivative of du i on ∂V (for a scalar field f defined on a surface S, Df [ n i f i where n is the normal of S); h i 5 energy conjugate to Ddu i (physically, a moment per unit area associated with the normal displacement gradient); and c i 5 edge traction (force per unit length) acting along the sharp edge C, which (Fig. 5) is the intersection of two portions (S 1 and S 2 ) of ∂V if not smooth. It is worth noting here that on ∂V, du i, j is not independent on du i , whereas Ddu i is. Substituting definitions of strain, high-order strain, and curvature into Eq. (8) and making use of integration by parts give
and ð
Furthermore, because du i, j is not independent on du i on ∂V, whereas its normal derivative Ddu i is, the first term in the last expression in Eq. (11) needs to be modified as
where D i [ ðd ij 2 n i n j Þð∂=∂x j Þ 5 surface gradient differential operator, which is related to the normal derivative by f i 5 Dfn i 1 D i f ; and〚〛denotes the jump of the enclosed quantity on S 1 and S 2 as the edge C is approached from either side, where r j 5 e pqj s p n q , and s is unit vector tangent to C.
In the last step of the derivation in Eq. (12), the following integral identity was used:
where f 5 smooth tensor field; and Stoke's theorem is applied. The line integral in Eq. (13) vanishes if the surface ∂V is smooth. Substituting Eqs. (9)- (12) into the left side of Eq. (8) and considering it must hold for any virtual variation du i , Ddu i , and dw i , the following equilibrium equations can be obtained:
where the tensor p ij 5 s ij 2 P ijk, k can be interpreted as an effective stress obtained by the difference between the stress tensor and the divergence of the high-order stress tensor. Similarly, the natural boundary conditions are obtained as
Micro-to-Macro Stress Relations
Based on an appropriate formulation of vectorial constitutive equations, the microplane stresses s p 5 s b e b and the microplane couple stresses m p 5 m b e b can be computed from microplane strains and curvatures. Consistently with classical microplane model formulations, the relation between microplane stress/couple vectors and macroscopic stress/couple tensors can be obtained through the principle of virtual work in a spherical domain V 0 (Fig. 6) , which, in terms of average energy density, reads
where ∂V 0 5 external surface of V 0 . By taking into account Eq. (7); considering that the previous energetic equivalence must hold for any virtual variation of dg ij , dk ij , and dG ijk ; and recognizing that V 0 5 ð4p=3Þr 3 0 , ∂V 0 } r 2 0 , one gets
where the integrals are calculated over the surface G 1 of the unit sphere.
Eq. (18) shows that, for given microplane stresses and microplane couples, both the macroscopic stress tensor and the macroscopic couple tensor are scale free, whereas the high-order stress tensor is directly proportional to the material characteristic length r 0 and vanishes for local continuum formulations (r 0 5 0). The derived micro-to-macro stress relations are characterized by two different characteristic lengths. One is the particle radius r 0 , which can be physically interpreted as an average weak spot halfspacing. The other characteristic length arises, in the classical Cosserat sense, from the unit mismatch between the microplane stresses and the microplane couples, which, in turn, can be interpreted as average weak spot size. This aspect will be discussed further later in the paper.
Furthermore, for reasons that will become more apparent in the next few sections, it is convenient to reformulate the high-order stresses as
where p b serves as a localization limiter for strain localization and can be defined as p b 5 H 0 c b with c b 5 r 0 N b ijk G ijk , H 0 . 0. In this case, one can also write
where
Comparison with Classical Continuum Theories
The most general high-order continuum theory available in the literature is Mindlin's microstructural theory (Mindlin 1964) , in which the independent kinematic variables are the displacement field u i and the microscopic deformation gradient tensor c ij . On the basis of these kinematic variables, three distinct measures of strain are used:
(1) the symmetric strain (Cauchy's strain) tensor ɛ ij 5 G ðijÞ , where G ij 5 u j,i is the displacement gradient and parentheses in the subscript represent extraction of the symmetric part of the tensor; (2) the microscopic strain h ij 5 G ij 2 c ij ; and (3) the high-order strain C ijk 5 c jk,i . First, it can be observed that the kinematics of Mindlin's theory is richer than the one adopted in the current study because it is characterized, in addition to displacements, by a nine-component deformation tensor c ij compared to a three-component rotation vector in the current theory. Nevertheless, by comparing the kinematics in Mindlin's theory with the current one, one can write h ij 1 c ij 5 g ij 1 e ijk w k 5 G ij and h ij,k 1 C kij 5 G ijk 1 2 ijp k kp 5 G ij,k .
Such relationships then make possible a comparison between the energetic balance terms of Mindlin's theory and the current theory
where square brackets in the subscript represent extraction of the antisymmetric part of the tensors. If one sets c ij 5 g ij 1 G ½ij 5 ɛ ij 2 e ijk w k , then h ij 5 G ðijÞ 2 g ij 5 2g ½ij and the first two terms of both the left and right sides of Eq. (21) become exactly the same, then the following stress relationships can be derived: t ij 5 s ðijÞ , s ij 5 2s ½ij .
Alternatively, for c ij 5 e ijk w k 1 G ðijÞ 5 ɛ ij 1 e ijk w k , then h ij 5 G ½ij 2 e ijk w k 5 g ½ij and the first two terms of both the left and right sides of Eq. (21) become exactly the same with the following stress relationships: t ij 5 s ðijÞ , s ij 5 s ½ij .
Furthermore, if the rotation field is defined by the curl of the displacement field w k 5 ð1=2Þe ijk G ij 5 ð1=2Þe ijk G ½ij (or ɛ ijk w k 5 G ½ij ), one gets c ij 5 G ij , h ij 5 0, and g ij 5 ɛ ij . In this particular case, C ijk 5 c jk,i 5 G jk,i 5 u k,ji 5 C jik , Mindlin's Form I gradient elasticity is recovered, and the equivalence of the high-order terms between Mindlin's theory and the current microplane theory can be determined by comparing the following two expressions: T ijk dC ijk 5 T kij dG ij,k 1 T kðijÞ dG ðijÞ,k 1 T k½ij dG ½ij,k and S ijk dG ijk 1 m ij dk ij 5 S ijk dG ðijÞ,k 1 1 2 e ijp m kp dG ½ij,k . Such comparison gives T kðijÞ 5 S ijk and T k½ij 5 ɛ ijp m kp =2.
Similar comparisons can be carried out with respect to Mindlin's gradient elasticity of Forms II and III (Mindlin 1964) .
Finally, in the case of scale-free formulation, r 0 5 0 (vanishing weak spot spacing), the current microplane formulation degenerates to classical Cosserat's theory, which further degenerates to classical Cauchy's theory if the microplane couples are equal to zero: m N 5 m M 5 m L 5 0.
High-Order Microplane Elasticity
In the most general case, elasticity within the current microplane framework can be formulated as
By introducing Eqs. (22) and (23) into Eq. (18) and accounting for the kinematic constraint in Eq. (7), one gets 
The expressions in Eq. (24) can be compared with classical Cosserat elasticity, which is formulated by the following constitutive equations:
where l, x, m, p 1 , p 1 , and p 3 are elastic material parameters. By comparing Eqs. (26) and (27) with Eq. (24), the following relationships can be derived:
In addition, one can also obtain expressions for Young's modulus,
; and characteristic length for bending,
. For Cosserat elasticity, necessary and sufficient conditions (Eringen 1965) for the strain energy density to be nonnegative are the following: x $ 0; 2m 1 x $ 0; 3l 1 2m 1 x $ 0; and p 2 $ 0, 3p 1 1 p 2 1 p 3 $ 0, 2p 2 # p 3 # p 2 , which in terms of microplane elastic parameters become E T $ 0, E D $ 23E T =2, E V $ 0; and
It is worth observing here that the particular case E D 5 E T , which, for the classical microplane model, is known (Carol and Ba zant 1997; Cusatis et al. 2008; Beghini et al. 2008 ) to lead to microplane stresses coinciding with the projection of the macroscopic stress tensor (static constraint), is associated with a particular type of Cosserat elasticity characterized by m 5 0 but able to reproduce the full range of Poisson's ratio values from 21 to 0.5. On the contrary, for E V 5 E D 5 E N , associated with a microplane formulation in which the microplane normal strain is not decomposed in its volumetric and deviatoric components, the resulting Poisson's ratio only covers the range between 21 and 0.25.
Furthermore, if E T 5 0 but E V Þ E D , this case corresponds to a microplane formulation without shear resistance such that the macroscopic stress tensor is forced to be symmetric [Eq. (26) , with x 5 E T 5 0], and the microplane formulation is again able to reproduce the full range of Poisson's ratio values.
A similar discussion can be presented for the parameters relevant to microplane and macroscopic couples. Finally, it is interesting to point out that, although the characteristic length in torsion can be considered to be a measure of the size of weak spots, e.g., the size of flaws or defects in the material internal structure, the characteristic length in bending is not. This statement can be verified, for example, for a situation in which the underlying material structure is modeled by a lattice system of beams with a circular cross section of diameter d. In this case, using beam theory, one can show that W D } Ed 2 , W B } Ed 2 , E D } E, and E B } E, and consequently, ℓ t 5 k t d and
, where k b and k t are dimensionless coefficients. However, from the previous equations relating ℓ t and ℓ b to the microplane parameters, although the coefficient k t is always greater than zero, the coefficient k b can assume both negative and positive real values and imaginary values.
Spectral Wave Propagation Analysis and Strain Localization
This section proposes the spectral wave propagation analysis of the formulated microplane theory to study stability properties and dispersive character of its solutions. Similar analysis, but for other theories and/or constitutive equations, can be found in the literature: Di Luzio and Ba zant (2005), Lasry and Belytschko (1988) , Sluys (1992 ), de Borst et al. (1995 ), Pijaudier-Cabot and Benallal (1993 , Borino et al. (2003) , and Weckner and Silling (2011) . For simplicity, the analysis is restricted to the case of zero microplane couples, m N 5 m M 5 m L 5 0, which implies zero macroscopic couple tensor according to Eq. (18) . In addition, if one also has a i 5 0, then the rotational equilibrium equation is automatically satisfied by imposing the tensor p ij to be symmetric.
In this case, the linearized governing equilibrium equations reduce to only the linear momentum conservation dp ji, j ¼ 2rd€ u i
where du i 5 small dynamic perturbation of a given equilibrium solution.
By introducing Eq. (20) into Eq. (31) 3 4p
Next, if one sets du i 5 u 0i f ðx, tÞ and dw i 5 w 0i f ðx, tÞ with f ðx, tÞ 5 exp½iðk 3 x 2 vtÞ 5 exp½iðk 1 x 1 1 k 2 x 2 1 k 3 x 3 2 vtÞ that represents a wave of frequency v propagating in the direction of the wave number vector k, then the following expressions apply:
du j,i 5 u 0j k i if ðx, tÞ; dg ij 5 ðu 0j k i i 2 ɛ ijp w 0p Þf ðx, tÞ; and dG pql,kj 5 ðu 0q k p 1 ɛ pqs w 0s iÞk l k k k j f ðx, tÞ, in which i is the imaginary unit. Furthermore, by considering that, because of symmetry considerations, the terms containing rotations vanish, one can write 
where J ab 5 ∂s a =∂ɛ b 5 Jacobian of the microplane constitutive equations that depends on the current strain state at which the spectral analysis is performed. Finally, by setting k 5 kv, with v being a given direction in 3D space, by introducing Eqs. (33) and (32) The coefficient matrix of the linear system of equations in Eq. (35) must have a nonnegative determinant for the phase velocities to be real and only the critical one to be zero for any possible strain state and any direction in 3D space. This condition can be enforced by selecting a high-order localization parameter H 0 such that
This condition expresses the existence of a finite size localization band equal to 2r 0 . It must be observed that the analysis assumes that the spacing, 2r 0 , characterizing the underlying material structure, is a constant and independent of the strain state. This assumption is reasonable for tensile fracture, but it is not satisfied in the localization process in which high compressive and shear loadings occur, as for example for the formation of compressive bands in rocks in which extensive grain fragmentation and comminution are observed (Issen and Rudnicki 2001) .
It is important to observe here that the proposed spectral analysis takes into account only the effect of the characteristic length associated with the average spacing of the weak spots because of the fact the microplane couple stresses, and consequently the macroscopic couple stresses, are assumed to be zero. A more comprehensive spectral analysis taking into account the combined effect of both average spacing and the size of the weak spots is warranted for future work to fully understand the localization characteristics of the proposed theory.
One-Dimensional Solution
To highlight some interesting features of the theory and the localization limiter presented in this paper, it is convenient to discuss a purely one-dimensional problem. In a one-dimensional setting, uðxÞ, ɛ 5 u , x 1 r 0 u , xx , and c 5 r 0 u , xx can be written and
where, in absence of body forces, p must be constant along x. Consider the following elastic behavior: s 5 E 0 ɛ. In this case from Eq. (37), u , x 2 ðr 2 0 G 0 =E 0 Þu ,xxx 5 p=E 0 can be written, where G 0 5 E 0 1 H 0 . The general solution of this differential equation reads u 5 ðq=E 0 Þx 1 A expð2ax=r 0 Þ 1 B expðax=r 0 Þ, where a 5 ðE 0 =G 0 Þ 1=2 . In the elastic regime, the solution is basically the linear first-order solution, and the high-order effects are visible only at the boundaries in the form of an exponentially decaying correction to the linear term. For the elastic case, the spectral analysis gives a phase velocity that, for r 0 Þ 0, depends on the wave number k
This result represents the dispersive character of the theory associated with the characteristic length r 0 .
Now consider strain-softening behavior with linear strength decay s 5 s t 2 H t ðɛ 2 ɛ t Þ in which the softening modulus H t can always be calculated with reference to a given tensile fracture energy and the spacing of the underlying discrete system. In this case, Eq. (37) becomes u ,x 1 ðr 2 0 G t =H t Þu , xxx 5 ðs t 1 H t ɛ t 2 pÞ=H t where G t 5 H t 1 H 0 , and the general solution of this differential equation is u 5 ðs t 1 H t ɛ t 2 pÞx=H t 1 A cosða t x=r 0 1 BÞ, where a t 5 ðH t =G t Þ 1=2 . It is evident that, for strain softening, the character of the solution is fundamentally different, and the linear first-order solution is corrected by an oscillatory term present in the entire problem domain. In addition, the period of such an oscillatory term is directly related to the characteristic spacing r 0 5 ℓ 0 =2.
Furthermore, the stability of the strain-softening solution can be probed with the spectral analysis highlighted in the previous section. For the one-dimensional case, it is easy to show that Eq. (34) 
Clearly, the phase velocity is imaginary for any wavelength if r 0 5 0. However, even for r 0 Þ 0, the phase velocity is imaginary for any wavelength if the localization parameter, H 0 , is set to zero. This means that the solution is unstable for any wavelength, and localization will occur in one mathematical point. On the contrary, a nonzero localization parameter H 0 can always be chosen to makec real. More specifically, enforcing the size of the localization band to be 2r 0 [Eq. (36) ] leads to 2H t 1 p 2 ðH 0 2 H t Þ 5 0, which implies H 0 5 H t ð1 1 1=p 2 Þ.
Conclusions
In this study, a novel high-order microplane (HOM) theory directly derived from a generic underlying discrete model assumed to provide an accurate description of the material internal structure is formulated. The theory is characterized by a kinematics featuring the classical nonsymmetric strain tensor, its gradient, and the classical curvature tensor. The study demonstrates the exact equivalence between the strain measures typically adopted in discrete theories and the microplane projections of the aforementioned tensors. Furthermore, equilibrium and natural boundary conditions are formulated in terms of the static quantities-stress tensor, high-order stress tensor, and couple tensor-energetically associated to the nonsymmetric strain tensor, its gradient, and the curvature tensor, respectively. The structure of the equilibrium equations, derived through the principle of virtual work, is formally equivalent to the ones in the Cosserat theory but with reference to an effective stress tensor computed as the difference between the stress tensor and the divergence of the high-order stress tensor. The theory is completed by micro-to-macro relations that provide the macroscopic constitutive equations as functions of microplane constitutive equations. This has the advantage of avoiding the formulation of ad hoc constitutive equations for the high-order stresses-a task that has been the main road block for the wide adoption of high-order theories for the description of material behavior, especially in the nonlinear range. In this study, the HOM theory is further shown to possess two independent characteristic lengths: the characteristic spacing, ℓ 0 5 2r 0 , of the weak spots in the material internal structure; and the characteristic size, d 0 5 l t =k t , of the weak spots. The HOM theory reduces exactly to the classical Cosserat theory for vanishing characteristic spacing, ℓ 0 5 0, and exactly to classical Cauchy's theory if the characteristic size also vanishes, d 0 5 0.
